We show how optically-driven coupled quantum dots can be used to prepare maximally entangled Bell and Greenberger-Horne-Zeilinger states. Manipulation of the strength and duration of the selective light-pulses needed for producing these highly entangled states provides us with crucial elements for the processing of solid-state based quantum information. Theoretical predictions show that several hundred single quantum bit rotations and Controlled-Not gates can be performed before decoherence of the excitonic states takes place.
I. INTRODUCTION
Quantum computation, quantum communication, quantum cryptography and quantum teleportation [1] [2] [3] [4] [5] are some of the most exciting applications of the fundamental principles of quantum theory. Since the seminal idea of Feynman in 1982 concerning the possibility of constructing a new generation of computers -the quantum mechanical ones [1] -and the work of Deutsch in 1985 [2] , who showed, by introducing the first model of a quantum mechanical Turing machine, that this kind of computer could be constructed, research in the field of both pure and applied processing of quantum information has been widely studied and we now have the greatest magnitude of technological challenge ever. In addition, and opening the way to new fast quantum searching algorithms, in 1994, Shor [6] discovered that a quantum computer can factorize large integers. Two years later the proof that quantum error-correcting codes exist arrived [7] . Up until now, such quantum mechanical computers have been proposed in terms of trapped ions and atoms [8] , cavity quantum electrodynamics (QED) [9] , nuclear magnetic resonance [10] , Josephson junctions [11] and semiconductor nanostructures [12] schemes. All of the above proposals have decoherence and operational errors as the main obstacles for their experimental realization, which pose much stronger problems here than in classical computers.
There is much current excitement about the possibility of using solid-state based devices in the achievement of quantum computation tasks. Particularly, the very well developed semiconductor nanostructures fabrication technology offers us a wide and promising arena in the challenging project of quantum information processing. This fact makes of semiconductor quantum dots (QDs), and because its quantum mechanical nature and its potential scalability properties, very promising candidates in the implementation of quantum computing processes. Next, we briefly review the solid state practical design schemes for quantum computation proposed to date: Kane [12] has proposed a scheme which encodes information onto the nuclear spins of donor atoms in doped silicon electronic devices where externally applied electric fields are used to perform logical operations on individual spins. Burkard et al. [12] have presented a scheme based on electron spin effects, in which coupled quantum dots are used as a quantum gate. This scheme is based on the fact that the electron spins on the dots have an exchange interaction J which changes sign with increasing external magnetic field. Possible quantum gate implementations have been proposed by Barenco et al. [12] by considering electronic charge effects in coupled QDs, however this scheme has as the main disadvantage rapid phonon decoherence, if compared with the above proposals.
More recently, Imamoglu et al. [12] have considered a quantum computer model based on both electron spins and cavity QED which is capable of realizing controlled interactions between two distant QD spins. In their model, the effective long-range interaction is mediated by the vacuum field of a high finesse microcavity, and single quantum bit (qubit) rotations and Controlled-Not (CNOT) operations are realized by using electron-hole Raman transitions induced by classical laser fields and the cavity mode. To our knowledge, the last proposal for quantum computing in solid state schemes is that of Vrijen et al. [12] , which considered electron spin resonance transistors in Silicon-Germanium heterostructures: one and two qubit operations are performed by applying a gate bias.
In this paper we will focus on an optically-driven coupled QDs proposal in order to perform reliable highly entangled states of excitons and so provide a mechanism for processing quantum information over a reasonable parameter window, before decoherence of the excitonic states takes place. In the physical implementation of the quantum entanglement scheme proposed here, we exploit recent experimental results involving coherent optical control of excitons in single quantum dots on the nanometer and femtosecond scales [13] [14] [15] .
The amazing degree of control of the quantum states of these individual "artificial atoms" [13] due to the manipulation of the confined state wave function of a single dot is an exciting and promising development with the potential for performing large scale quantum computing. As one exciton can be trapped in the dot, we have the direct possibility to use QDs as elements with quantum memory capacity in quantum computation operations, through a precise and controlled excitation of the system. As it is demonstrated in [13] , it is possible to excite and probe only one individual QD within a broad distribution of dots, with the important result that the dephasing time is much longer in a single dot (40ps) than in the bulk semiconductors (< 1ps) studied before. Hence, new experimental possibilities in the achievement of much longer intrinsic coherence times are of current availability, fact of fundamental importance if looking towards the practical implementation of single qubit rotations and quantum CNOT gates, crucial elements for carry out quantum information processing tasks.
The outline of this paper is as follows: Section II gives a detailed description of the coupling of qubits (i.e. QDs) to pulses of light and the generation of maximally entangled Bell (or EPR) [16, 17] and Greenberger-Horne-Zeilinger (GHZ) [18] states in systems comprising two and three quantum dots, respectively. The discussion of the results and experimental considerations are presented in Section III. In Section IV we review the required elements for performing quantum computation tasks and the links with the solid state set-up proposed here. Conclusions are given in Section V.
II. COUPLING OF QUBITS TO PULSES OF LIGHT AND THE GENERATION OF MAXIMALLY ENTANGLED STATES

A. The Analytical Solution
The existence of entangled states rests on the basis of quantum mechanics. Quantum entanglement is of fundamental interest since many of the most basic aspects of quantum theory require its successful generation and manipulation. Hence, the controlled generation of entanglement is highly desirable; in particular Bell and GHZ maximally entangled states are the starting point for fundamental discussions such as the violation of Bell's inequalities [19] and the non-locality problem [17] , as well as for teleportation [5] and quantum cryptography [4] . Here we will show how to generate maximally entangled states of two and three qubits of the form |Ψ Bell = 
where
is the electron (hole) creation operator in the pth quantum dot, ǫ is the QD band gap, W the interdot interaction, and ξ(t) the laser pulse shape. The terms involved in Eq. (1) obey the anticommutation rules
Eq. (1) adopts the structure
with
, and the J i −operators obeying the usual angular mo-
Hence the quantum dynamical problem associated with the time evolution of any initial state under the action of H(t) is described by:
where the subscript S indicates Schrödinger picture. We consider the laser pulse shape like ξ(t) = Ae −iωt , where A gives the electron-photon coupling and the incident electric field strength. We also introduce the unitary transformation Λ(t) = e −iωJ Z t , whose application, in the Schrödinger picture, leads us from the laboratory frame (LF) to the rotating frame (RF) by using the rule |Ψ(t) Λ = Λ † (t) |Ψ(t) S . Hence, Eq. (5) may be rewritten as:
Here ∆ ω ≡ ǫ − ω is the detuning parameter.
We note 
We get the non-zero elements as follows:
The matrix elements given in Eq. (8) provide us with the general rule for any number of QDs. Since the right side of this equation does not depend on q we only need to diagonalize a square matrix of side 2J + 1 for each J. Every eigenvalue so obtained occurs D J times in the entire spectrum. Next, we will show that solution of the eigenfunction problem associated with Eq. (8) leads to the generation of highly N−entangled states of excitons in QDs.
Coupling of N=2 QDs and Generation of Bell States
In this section we describe the procedure for the generation of entangled Bell states
(|00 + e iϕ |11 ) for arbitrary values of the phase factor ϕ. Here 0 (1) denotes a zero-exciton (single exciton) QD, and the direct product of the quantum states |jk ≡ |j ⊗ |k form a four-dimensional basis in the Hilbert space SU(2) ⊗ SU (2) . In
, as the vacuum of excitons, the single-exciton state and the biexciton state respectively. In the absence of light, we have:
so the energy levels of the system are
, and
ω is unaffected by the interdot interaction strength W . Next, consider the action of the radiation pulse ξ(t) over this pair of qubits; in the J = 1 subspace the Hamiltonian adopts the simple form:
where A ≡ |A| e iφ defines the real amplitude and the phase of the electron-photon coupling.
Diagonalization gives the eigenenergies and eigenfunctions associated with Eq. (10). We get
as the eigenenergies equation. In resonance, ∆ ω ≡ 0, we find out that Eq. (11) has as its solutions:
On the other hand, if the pulse of light is an off-resonance one, we get the following eigenenergies:
, (15) where
Hence we find the following eigenfunctions for the N = 2 problem:
, and k = 0, 1, 2. In the procedure described here, Eqs. (12)− (16) are necessary to perform the calculation of the laser pulses length required for generating the searched entangled Bell states.
In general, for any value of N, the total wave function associated to the initial
depend on the chosen initial condition |Ψ 0 , the matrix elements A kj must be determined for each particular value of N, and |M j ≡ |J, M j ; q as indicated in the precedent section.
Hence, the total wave function |Ψ(t) Λ can be written as:
In the case of this section, N = 2 QDs, it is a straightforward exercise to compute the explicit coefficients of Eq. (17) for both of the J−subspaces that expand the Hilbert space SU(2) ⊗ SU(2). Next we will centre our attention on the discussion of finding the conditions to produce the maximally entangled Bell states. To perform that, we project the state |Ψ Bell over the wave function given by Eq. (17) getting the result:
Under the unitary evolution of the Hamiltonian H ′ , the density of probability ℘(Bell) of finding the entangled Bell state in this coupled QDs system is proportional to
; more explicitely we have that:
Results and discussion of the time evolution given by Eq. (19), for several different combinations of the physical parameters engaged in the model, are discussed later.
Coupling of N=3 QDs and Generation of GHZ States
Here we address the problem of generation of entangled GHZ states of the form
(|000 + e iϕ |111 ), for any ϕ, in the proposed system of 3 coupled QDs. In this case, the Hilbert space SU (2) ⊗3 is spanned by the eight basis vectors associated with the 3 different J−subspaces. Without loss of generality, consider the J = 3 2
−subspace
as the only one optically active. We introduce the notation |M 1 ≡ |3/2, −3/2 ≡ |0 ,
, and |M 4 ≡ |3/2, 3/2 ≡ |3 to mean the vacuum state, the single-exciton state, the biexciton state and the triexciton state, respectively. In the absence of light, the energy levels of the system are given by
(7W + ∆ ω ), and E 3 ≡ E(3/2, 3/2) = 3 2
(W + ∆ ω ). We note that, as in the above case, the energy separation E 3,0 ≡ E 3 − E 0 = 3∆ ω is unaffected by the interdot interaction strength W . Now we consider the effect of the pulse of light ξ(t) over this system of 3 QDs in the
− subspace: the associated Hamiltonian is:
Diagonalization leads us to the following 4th order equation:
which is too tedious to be analytically solved in the case of a pulse with an arbitrary frequency ω. However, if ξ(t) is applied at resonance (∆ ω = 0), we get the following eigenenergies:
with eigenvectors:
, i = 0,...,3, are normalization constants. As it is well known, the associated total wave function |Ψ(t) Λ (Eq. (17)) depends on the chosen initial condition |Ψ(t = 0) ≡ |Ψ 0 and is a linear combination of the eigenfunctions (23) and (24).
We have computed, in both rotating and laboratory frames, the analytical expressions for |Ψ(t) Λ for all of the initial conditions |Ψ 0 = {|0 , |1 , |2 , |3 }. As an example of this procedure, we give the result for the zero-exciton state as the initial state, i.e. |Ψ 0 = |M 1 ≡ |0 .
In this case, the wave function |Ψ(t) Λ is spanned by the following coefficients C k and A kj :
The density of probability ℘(GHZ) of finding the entangled GHZ state between vacuum and triexciton states is given by:
Analytical and numerical computations have been performed for all of the initial conditions |Ψ 0 mentioned above. These results enable us to give specific conditions for the realization of such maximally GHZ entangled states starting from suitable ϕ−pulses and experimental parameters ǫ, W, and A. Details are discussed in section III.
B. The Numerical Description
The quantum dynamical problem given by Eq. (5) is easily expressed in terms of the expansion coefficients d M (t) of the wave function. As usual, we write
, so the time dependent problem is reduced to find the solutions of the following set of 2J + 1 linear differential equations:
where 
where the dimensionless parameters λ = 
III. RESULTS AND DISCUSSION
In this section we shall discuss the main results obtained from the computation of both analytical and numerical solutions of the unitary evolution problem described in the precedent section. In Fig.1 we have plotted the density of probability of finding the entangled Bell state (N = 2) between vacuum and biexciton states given by Eq. (19) as a function of time for the initial condition |Ψ 0 = |0 . As it can be seen from Fig. 1 , selective pulses of length τ B can be used to create such maximally entangled Bell states in the system of two coupled QDs we have studied here. Numerical computations have been made in units of the gap energy ǫ.
In this figure, the energy W is kept fixed whereas the amplitude of the radiation pulse A is , Fig. 1(a) shows that the density of probability for finding the QDs in the state in Fig. 2 . Here we have varied the value of W for A = 10 −3 kept fixed. Experimentally, this variation of W can be tailored by changing the interdot distance. In this case, the analysis shows that for a fixed value of A, the length τ B diminishes with the diminishing of the interaction strength W .
The same manipulation of parameters proposed in Figs. 1 and 2 was done for the case of the entangled GHZ state (N = 3) between vacuum and triexciton states. In this case,
we have plotted the density of probability given by Eq. (27) as a function of time, starting with the initial condition |Ψ 0 = |0 . Fig. 3 shows the selective pulses used to create such maximally entangled GHZ states in the system of three coupled QDs. For example, in the case of Fig. 3(a) , the generation of the GHZ state The above results are not restricted to ZnSe-based QDs: by employing semiconductors of different bandgap ǫ (GaAs, for instance), other regions of parameter space can be explored.
We have studied the time evolution of the system of QDs for several different values of the phase ϕ, getting similar results if compared with the ones discussed before. We only include the 0 or 2π−pulses results since they are the desired ones for the discussion given in Section IV. The relevant experimental conditions as well as the required coherent control to realize the above combinations of parameters are compatible with those demonstrated in [13] . We point out that the procedure described in this paper is valid for any value of the phase constant ϕ, in contrast with a recent work by two of us [21] , where analytic results were derived for the particular case ϕ = π 2
. The generation of maximally entangled states given in this paper has considered the experimental situation of global laser pulses only;
however, by using near-field optical spectroscopy [15] , individual QDs can be addressed from an entire ensemble of QDs by using local pulses, fact that can be exploited in the generation of entangled states with different symmetries, such as the antisymmetric one
. By doing this, we can be able to perform the famous Bell basis of four mutually orthogonal states for the 2 qubits, all of which are maximally entangled, i.e., the set of states
point of view, this basis is of fundamental relevance for quantum information processing.
We stress that the optical generation of excitonic entangled states in coupled QDs given here could be exploited in solid state devices to perform quantum protocols, as recently proposed in [25] for teleporting an excitonic state in a coupled QDs system.
IV. COUPLED DOTS AND QUANTUM INFORMATION PROCESSING
To perform quantum computation operations, we require an initial pure state and after that, a series of transformations of this state using unitary operations. Another possibility to perform these operations is by using an initial mixed state, providing the decoherence time is sufficiently long [10] . In order to implement such quantum operations we need two elements: the Hadamard transformation and the quantum CNOT gate. In the orthonormal computation basis of single qubits {|0 , |1 }, the CNOT gate acts on two qubits |ϕ i and |ϕ j simultaneously as follows: CNOT ij (|ϕ i |ϕ j ) → |ϕ i |ϕ i ⊕ ϕ j . Here ⊕ denotes addition modulo 2, and the indices i and j refer to the control bit and the target bit respectively.
The Hadamard transformation H T acts only on single qubits by performing the rotations: 3. Inputting initial data and Readout: As pure and entangled states with different symmetries can be obtained by using experimental techniques described in [13] [14] [15] , we have the ability to manipulate the input of the quantum state of the QDs system.
Hence, we have the experimental possibility to control the optical excitation and to detect individual QD signals from an entire dot ensemble, facilitating the individual qubit control for the readout. In fact, nanoprobing enables us to measure directly the excitonic and biexcitonic luminescence from single QDs [15] .
Universal set of Gate Operations:
We need the ability to perform single qubit rotations and two qubit gates. We stress that the generation of the maximally entangled states shown in Figs. 1 − 3 corresponds to the physical realization of a Hadamard transform followed by a CNOT operation in the Bell case, and 2 CNOT operations in the GHZ case. As to the practical semiconductor nanostructures implementation, this set of gate operations is in a preliminary stage of investigation and demands intensive experimental study.
Decoherence and the Coupling to the Environment:
By taking into account decoherence mechanisms (exciton-acoustic-phonon type) on the process of generation of the entangled states discussed here, a recent work by Rodríguez et al. [27] has shown that this generation is preserved over a reasonable parameter window, giving the possibility of performing the unitary transformations required for quantum computing before decoherence of the excitonic states takes place.
V. CONCLUSIONS
In summary, we have solved both analitycally and numerically the quantum state equation of motion for excitons in two and three coupled QD systems driven by classical pulses of light. By doing this, we have shown a mechanism for preparing maximally entangled Bell and GHZ states via excitons in optically-driven QDs, exploiting current levels of coherent optical control such as the ones demonstrated by using ultra-fast spectroscopy [13, 14] , and near-field optical spectroscopy [15] . This mechanism enables us to the generation of single qubit rotations, such as the Hadamard one, and quantum CNOT gates. In particular, the procedure presented here lead us to the generation of the whole Bell basis, a fact that can be exploited in the process of quantum teleportation of excitonic states in systems of coupled QDs [25] . Furthermore, by taking into account the main decoherence mechanisms, such as the exciton-acoustic-phonon one, this optical generation of quantum entanglement is preserved over a reasonable parameter window leading, in principle, to the possibility of performing several hundred quantum computation operations before decoherence of these excitonic states takes place.
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